In this paper, we provide characterization of the non-emptiness of the solution set for several kinds of generalized vector equilibrium problems. Using generalized KKM theorems, some sufficient conditions are given to guarantee the existence results of these problems. Some illustrative examples are also given. The new results extend and improve various existence theorems for similar problems.
PUBLIC INTEREST STATEMENT
Equilibrium problems (EP) is a theory to study the nonlinear analysis which plays an essential role in this field. Many important problems which have been reformulated, require finding solutions of this problem. As a result, many researchers have been studied the conditions which guarantee the existence results of generalized vector equilibrium problems for multivalued mappings. The purpose of this paper is to discuss existence results for variety of the generalized vector equilibrium problems for multivalued mappings with wider domains. These assumptions are more applicable because the new results extend and improve various existence theorems for similar problems. Moreover, illustrative examples are included to demonstrate the validity and applicability of the proposed assumptions.
Given a Hausdorff topological vector space X, a nonempty set Z and a real Hausdorff topological vector space Y with an ordered cone, i.e. a proper, closed and convex cone C such that int C ≠ ∅ (where int C denotes the interior of C). Let K be a nonempty closed convex subset in X. Let f : K × Z ⊸ Y be a multivalued mapping. Consider and These problems are called generalized vector equilibrium problems (GVEP). It is clear that the problem (2) is stronger than the problem (1) as every solution of (2) is also a solution of (1).
We further consider the following strong formulation of GVEP (SGVEP):
Let f : Z × K ⊸ Y be a multivalued mapping, consider the following problems which are closely related to GVEP and SGVEP, respectively:
Many papers were studied these problems assuming Z = K. Only few papers consider the existence of solutions of GVEPs and SGVEPs for multivalued maps f : K × Z ⊸ Y and f : Z × K ⊸ Y (which is the focus of this paper). These assumptions will result in existence of solutions for GVEPs and SGVEPs with wider domains. Consequently, these assumptions are more applicable. In Balaj (2010) proved some existence theorems for solutions of two types of GVEPs for the family of multivalued mappings f : K × Z ⊸ Y, which are different from classical equilibrium existence results. Lin, Chuang, and Yu (2011) studied generalized KKM theorems. In their studies, some theorems were proved for generalized KKM multivalued map T: Y ⊸ X.
Motivated by above works, several kinds of GVEPs and SGVEPs for multivalued mappings
We prove the existence results by using generalized KKM theorems of Lin et al. (2011) and finite intersection property, under some coercivity conditions. Furthermore, the convexity of the solution set is denoted.
The following definitions and theorems will be employed to prove the results in our study and we will use them to introduce our main theorems in Section 2. Definition 1.1 (Fan, 1961) Let K be a nonempty subset of topological vector space X.
for each finite subset {x 1 , x 2 , … , x n } of K, where co(A) denotes the convex hull of A. Chang and Zhang (1991) introduced generalized KKM theorems in Hausdorff topological vector space in 1991. Definition 1.2 (Chang & Zhang, 1991) Let K be an arbitrary nonempty set and Z be a nonempty subset of a vector space E. The multivalued mapping f : K ⊸ Z is said to be a generalized KKM map (GKKM)
if for any nonempty finite subset
We give KKM and GKKM theorems in the following which will be used in the sequel: Fan, 1961) 
The following theorems are essential elements to develop our existence results. (ii) there exists a nonempty compact subset B of K and a finite subset A of Y such that for each x ∈ K⧵B, there exists y ∈ A such that x ∉ f (y).
We recall that, if K is a nonempty convex subset in a topological vector space X and f : K ⊸ Y be a multivalued map, then f is:
• C-convex if for any x, y ∈ K and any ∈ [0, 1],
If −f is C-convex mapping, then f is called concave mapping.
• lower semicontinuous at x if and only if for any y ∈ f (x) and for any net x converging to x, there exists a net y converging to y, with y ∈ f (x ) for any .
Definition 1.6 (Ansari & Yao, 1999 ) Let X and Y be two nonempty convex subsets of two arbitrary vector spaces and V be a vector space. Let f : X × Y ⊸ V and C: X ⊸ V be two multivalued mappings such that for each x ∈ X, C(x) is a convex cone. f (x, .) is:
• C(x)-quasiconvex if for all x ∈ X, y 1 , y 2 ∈ Y and y ∈ co{y 1 , y 2 }, we have either
• C(x)-quasiconvex-like if for all x ∈ X, y 1 , y 2 ∈ Y and y ∈ co{y 1 , y 2 }, we have either
Note that the aforementioned concepts are special cases of many general notions. By using these concepts, the following lemma can be proved (see Ansari & Yao, 1999 for assertion (i), respectively, Konnov & Yao, 1999 for assertion (ii)).
Lemma 1.7 Let X and Y be two nonempty convex subsets of two vector spaces and V be a vector space. Let f : X × Y ⊸ V and C: X ⊸ V be two multivalued mappings such that for each x ∈ X, C(x) is a convex cone.
Main results
In this section, we consider the GVEPs (problems 1-5) and give some existence results. 
(v) there exists compact subset B of K and finite subset A of Z such that for all x ∈ K⧵B such that
Proof Define H: Z ⊸ K by It is clear that H(y) is nonempty and closed set for each y ∈ Z. Let {z 1 , … , z n } be a finite subset of Z.
✷ Theorem 2.1 holds when (iv) be replaced by "g(x, ⋅) is −C-concave". In fact, it deduces from the proof in Theorem 2.
It is easy to verify that f and g satisfy all the assumptions of Theorem 2.1 and the solution set is equal to the interval [0, 1].
The following theorem shows that the solution set of the problem (1) is convex. 
and for some ∈ [0, 1], which is a contradiction. Therefore, the solution set of problem (1) 
(ii) for any z ∈ Z, there exists y ∈ K such that f (x, z) ⊆ g(x, y), for all x ∈ K;
It is clear that H(y) is nonempty for each y ∈ Z. Let x ∈ H(y), then there is a net {x } ⊆ H(y) with
x → x. Since x ⊸ f (x, y) is lower semicontinuous, for any ∈ f (x, y) there exists a net { } ∈ f (x , y) converging to for all . Hence ∈ Y ⧵(− int C) and
So, x ∈ H(y) and H(y) is a closed subset of K. Let {z 1 , … , z n } be a finite subset of Z. By (ii), there exists {y 1 , … , y n } ⊆ K such that f (x, z i ) ⊆ g(x, y i ) for each i ∈ {1, … , n} and all x ∈ K. Let I ⊆ {1, … , n} and y ∈ co{y i : i ∈ I}. By (iv), there exists j ∈ I such that, Hence, y ∈ ⋃ i∈I H(z i ) and
It is easy to verify that f and g satisfy all the assumptions of Theorem 2.4 and the solution set is equal to interval [0, 1].
The following result is the existence of the solution of strong GVEP (problem 3). (3) is nonempty, where the following conditions hold:
(v) there exists B ⊆ K compact and A ∈< Z > such that for all x ∈ K⧵B, there exists y ∈ A such that
Proof Define H: Z ⊸ K, for any y ∈ Z by
Clearly, H(y) is nonempty. Let x ∈ H(y), then there is a net {x } ⊆ H(y) with x → x. Suppose ∈ f (x, y) by (iv), there exists a net { } ⊆ f (x , y) converging to for all , so ∈ C for all . By the closedness of C, one has ∈ C consequently f (x, y) ⊆ C and T(y) is a closed subset of K. Let {z 1 , … , z n } be a finite subset of Z. By (iii), there exists {y 1 , … , y n } ⊆ K such that f (x, z i ) ⊆ g(x, y i ) for each i ∈ {1, … , n} and all x ∈ K.
Let I ⊆ {1, … , n} and y ∈ co{y i : i ∈ I} ⊆ K. By (ii), there exists j ∈ I such that Therefore, y ∈ ⋃ i∈I H(z i ) and H: Z ⊸ K is a GKKM map. By Theorem 1.5,
It is easy to verify that f and g satisfy all the assumptions of Theorem 2.6 and the solution set is equal to the interval [2, 3] . (4) is nonempty, where the following conditions hold:
(iii) the set {y ∈ W: f (x, y) ⊈ int C} is a closed set for any compact W ⊆ K and any x ∈ Z;
On the other hand, by C-concavity of g(⋅, z),
x ∈ Z} is a family of closed set with finite intersection property, by (iii). Since D is compact, (4) is nonempty, where the following conditions hold:
(ii) for any x ∈ Z, there exists z ∈ D such that f (x, y) ⊆ g(z, y);
(iv) the set {y ∈ W: f (x, y) ⊆ −C} is a closed set for any compact W ⊆ K and any x ∈ Z;
On the other hand, by −C-quasiconvexity of g(⋅, z), there exists
x ∈ Z} is the family of a closed set with finite intersection property. Since D is compact,
It is easy to verify that f and g satisfy all the assumptions of Theorem 2.10 and the solution set is equal to {0}. (4) is nonempty, where the following conditions hold:
(i) for every y ∈ D, for any z ∈ Z such that f (z, y) ⊈ int C whenever g(x, y) ⊈ int C, for all x ∈ K;
(ii) for any finite subset A ⊆ K and any y ∈ co A ⧵ A there exists x ∈ A such that g(x, y) ⊈ int C; (iii) the set {y ∈ W: f (x, y) ⊈ int C} is closed set for any compact W ⊆ K and any x ∈ Z; 
